Let R be a Noetherian ring. Two ideals I and J in R are projectively equivalent in case the integral closure of I i is equal to the integral closure of J j for some i, j ∈ IN + . It is known that if I and J are projectively equivalent, then the set Rees I of Rees valuation rings of I is equal to the set Rees J of Rees valuation rings of J and the values of I and J with respect to these Rees valuation rings are proportional. We observe that the converse also holds. In particular, if the ideal I has only one Rees valuation ring V , then the ideals J projectively equivalent to I are precisely the ideals J such that Rees J = {V }. In certain cases such as: (i) dim R = 1, or (ii) R is a two-dimensional regular local domain, we observe that if I has more than one Rees valuation ring, then there exist ideals J such that Rees I = Rees J, but J is not projectively equivalent to I. If I and J are regular ideals of R, we prove that Rees I ∪ Rees J ⊆ Rees IJ with equality holding if dim R ≤ 2, but not holding in general if dim R ≥ 3. We associate to I and to the set P(I) of integrally closed ideals projectively equivalent to I a numerical semigroup S(I) ⊆ IN such that S(I) = IN if and only if there exists J ∈ P(I) for which P(I) = {(J n ) a : n ∈ IN + }.
THE REES VALUATION RINGS OF AN IDEAL.
In this section we review a description of the Rees valuations (and their valuation rings) associated to an ideal I in a Noetherian ring R. For this, we need the following definitions.
(Throughout, IN denotes the set of nonnegative integers, and IN + (resp., Q + , IR + ) denotes the set of positive integers (resp., rational numbers, real numbers).) Definition 2.1 Let I be an ideal in a Noetherian ring R.
(2.1.1) I a denotes the integral closure of I in R, so I a = {b ∈ R | b satisfies an equation of the form b n + i 1 b n−1 + · · · + i n = 0}, where i k ∈ I k for k = 1, . . . , n. The ideal I is said to be integrally closed in case I = I a .
(2.1.2) R denotes the integral closure of R in its total quotient ring. R is not an integral domain, we say that v is a valuation on R if {x ∈ R | v(x) = ∞} is a prime ideal P of R, v(x) = v(y) if x + P = y + P , and the induced function v on the integral domain R/P is a valuation.
To describe (2.2)(c) in more detail and to define the Rees valuation rings of I we need the following definition and notation.
Definition 2.3 Let I be an ideal in a Noetherian ring R, let t be an indeterminate, and let u = 1/t. Then the Rees ring R of R with respect to I is the graded subring R =
R[u, tI] of R[u, t]. (R = R[u], if I = (0).)
Notation 2.4 Let I be an ideal in a Noetherian ring R, let z 1 , . . . , z d be the minimal prime ideals z in R such that z + I = R, for i = 1, . . . , d let R i = R/z i , let F i be the quotient field of R i , let R i = R(R i , (I + z i )/z i ), let p i,1 , . . . , p i,h i be the (height one) prime divisors of uR i , let w i,j be the valuation of the discrete valuation ring W i,j = R i p i,j , let e i,j = w i,j (u), let V i,j = W i,j ∩ F i , and define v i,j on R by v i,j (x) = w i,j (x + z i ).
With this notation, Rees shows in [23] that v i,j is a valuation on R in the sense defined above and that v i,j (x) = ∞ if and only if x ∈ z i . Thus v 1 , . . . , v g (see (2.2) ) are the valuations Proof. For (a), if I z i , then t((I +z i )/z i ) ⊆ R i \p i,j , by [18, (3.6) ], so t((I +z i )/z i )W i,j ⊆ W i,j \ p i,j W i,j , so w i,j (t((I + z i )/z i )) = 0. Therefore w i,j (u) = w i,j ((I + z i )/z i ) (since u = 1/t), and w i,j (u) = e i,j (by (2.4)), so w i,j ((I + z i )/z i ) = e i,j .
, so p i,1 = uR i is the only prime divisor of uR i and W i,1 = R i p i,1 , so e i,1 = w i,1 (u) = 1 and w i,1 ((I + z i )/z i ) = w i,1 (0) = ∞. It follows from this that v i,1 is a trivial valuation on R.
Statement (c) follows from the fact that a regular ideal is not contained in any minimal prime ideal of the ring.
In the literature, the valuation rings W i,j = R i p i,j of (2.4) are sometimes called the Rees valuation rings of I, and this causes no problems when only one ideal I is under consideration. However, when an ideal J that is projectively equivalent to I (see (3. 
, and e i,1 = 1.
Remark 2.8
The centers in R of the Rees valuation rings of I are the ideals
, where φ i is the natural homomorphism from R to R/z i . Therefore these centers correspond to the prime divisors of (u n R[u, tI]) a ∩ R for all large n ∈ IN, so they are the asymptotic prime divisors of I (see [10] ). Therefore if these centers are the ideals P 1 , . . . , P f , then Ass(R/(I i ) a ) ⊆ {P 1 , . . . , P f } for all i ∈ IN + and equality holds for all large i ∈ IN.
In the next section we prove several results concerning the set of Rees valuations of ideals.
Toward this end, the following alternate construction of the nontrivial Rees valuation rings of an ideal is helpful.
Construction 2.9
With the notation of (2.4), let z be a minimal prime ideal in R such that I z and z + I = R, let b 1 , . . . , b h be generators of I that are not in z, let an overbar denote residue class modulo z, and let F be the quotient field of R. Let V be a discrete valuation ring such that R ⊆ V F , and let N be the maximal ideal of V . Then V is a Proof. By considering each of the rings R/z (with z a minimal prime ideal in R)
separately it may be assumed to begin with that R is a Noetherian integral domain. Therefore [14, Proposition 3.1] applies to establish this equivalent way to define the set of Rees valuations of I. Remark 2.10 (a) If I = bR is a regular principal ideal in R, then it follows from (2.9)
that Rees I = {R p 1 /z 1 , . . . , R pg /z g }, where p 1 , . . . , p g are the prime divisors of bR and z i = rad (R p i ) for i = 1, . . . , g (possibly z i ∩ R = z j ∩ R for some i, j). and, (c) there exists a height one maximal ideal in R .
REES VALUATION RINGS AND PROJECTIVELY EQUIVALENT IDEALS.
It is shown in [14, Proposition 2.10] that if I is a regular ideal of a Noetherian ring, then every ideal J projectively equivalent to I satisfies Rees I = Rees J and the values of I and J with respect to these Rees valuation rings are proportional. We prove in Theorem 3.4 that the converse also holds. In particular, if I has only one Rees valuation ring V , then the ideals J projectively equivalent to I are precisely the ideals J such that Rees J = {V }.
In Example 3.5, we consider projective equivalence and Rees valuation rings of ideals of a one-dimensional Noetherian integral domain R. For an ideal I of R such that Rees I has cardinality greater than one, we prove there exist ideals J of R such that Rees I = Rees J, but J is not projectively equivalent to I. In Proposition 3.6, we prove that if I and J are regular ideals of a Noetherian ring, then Rees I ∪ Rees J ⊆ Rees IJ, with equality holding if dim R ≤ 2. We observe in Remark (3.7.3) that equality does not hold in general
We recall the following definition. Samuel introduced projectively equivalent ideals in 1952 in [24] . A number of properties of projective equivalence can be found in [7] , [8] , [11] , [12] , [13] , [14] , [20] , [21] . In this section we explore the relation between projectively equivalent ideals and Rees valuation rings.
Remark 3.2 Let R be a Noetherian ring. Then The following example shows that projectively equivalent ideals may yield different valuation rings W i,j as in (2.4).
, where K is a field and X is an indeterminate, let I = XR, and let J = X 2 R, so I and J are projectively equivalent (since (
is the only valuation ring W of I as in (2.4), and
is the only valuation ring W * of J as in (2.4), and w 1,1
. Therefore the valuation rings W 1,1 and W 1,1 * differ, while
With the definition of Rees valuation rings in (2.6), we have the following. In particular, if the ideal I has only one Rees valuation ring V , then the ideals J projectively equivalent to I are precisely the ideals J such that Rees J = {V }.
Proof. It is shown in [14, Proposition 2.10] that (1) implies (2). To prove that (2) implies (1), notice first that by considering each of the rings R/z (with z a minimal prime ideal in R), it suffices to prove (2) implies (1) in the case where R is a Noetherian integral domain. Since V 1 , . . . , V g are the Rees valuation rings of I it follows from (2.8) that, for
. . , g}, and, similarly, for all
To prove the last statement, let v be the normalized valuation associated to the valuation ring V , let j = v(I), and let
, so the conclusion follows from the equivalence of (1) 3. For a nonzero ideal I of R, the set Rees I has cardinality greater than one if and only if I is contained in more than one maximal ideal of R .
4. If Rees I has cardinality greater than one, then there exist ideals J of R such that Rees I = Rees J, but J is not projectively equivalent to I.
To prove this last statement, notice that if P, Q 1 , . . . , Q s are distinct maximal ideals of R , then P Q 1 · · · Q s ∩ R is the set of elements of R having positive value in the normalized valuation v corresponding to R P and also positive value in the normalized valuation w i corresponding to R Q i , for i = 1, . . . , s; while for each n ∈ IN + , P n Q 1 · · · Q s ∩ R is the set of elements of R having v-value at least n and positive value with respect to each w i , i = 1, . . . , s. Here we are using that the ideals P n , Q 1 , . . . , Q s are pairwise comaximal in R . Assume that Rees I = {R P , R Q 1 , . . . , R Qs }, with s ∈ IN + . To show there exists an ideal J of R with rad I = rad J (so Rees I = Rees J, by (3.5.1)) such that J is not projectively equivalent to I, it suffices to prove there exists n ∈ IN + such that
As suggested by the referee, Example (3. 
In view of Example 3.5 (and the first paragraph of this proof), the second statement is clear if dim R = 1, so we assume dim R = 2. Let V ∈ Rees IJ and let N denote the maximal ideal of V . Also, let b 1 , . . . , b h (resp., c 1 , . . . , c k ) be generators of I (resp., J), 
NUMERICAL SEMIGROUPS AND PROJECTIVELY FULL IDEALS.
Let I be a regular ideal of the Noetherian ring R. In [14] , McAdam, Ratliff and Sally prove that the set P(I) of integrally closed ideals projectively equivalent to I is linearly ordered by inclusion and eventually periodic. (P(I) is eventually periodic means there exist
can be shown that this definition of "eventually periodic" is equivalent to the definition, given in [14] , that the set U in (4.1.3) is eventually periodic; see (4.2)(d).)) They also prove the existence of a fixed d ∈ IN + such that for every ideal J projectively equivalent to I there exists n ∈ IN + such that (I n ) a = (J d ) a . As we note in Remark 4.3, using results proved in [14] , there is naturally associated to I or to the projective equivalence class of I a unique numerical semigroup. Here we are using the term numerical semigroup in the sense of Herzog-Kunz [4] and Watanabe [25] .
We recall the following definitions from [14] .
Definition 4.1 Let I be a regular ideal in a Noetherian ring R.
(4.1.3) U = {α ∈ W | I α is projectively equivalent to I} (see (4.1.1) and (3.1)), and
Remark 4.2 Let R be a Noetherian ring and let I be a regular ideal in R. Then:
(a) for each α ∈ IR + , the ideal I α of (4.1.1) is an integrally closed ideal (= (I α ) a ) in R, and for all k ∈ IN + and for all I α ∈ P(I) it holds that (I α k ) a = I kα , by [14, (2.1)(g) and (2.6)].
(b) for the set P of (4.1.3), P = {J | J is an integrally closed ideal in R that is projectively equivalent to I}, and P is linearly ordered by inclusion, by [14, (2.4) 
d is a common divisor (but not necessarily the greatest common divisor) of the integers e 1 , . . . , e g of (2.2)(c); dα ∈ IN + for all α ∈ U; and, for each J ∈ P, there exists n [14, (2.8) and (2.9)]. .2)(d), the set of integers dU ∪ {0} is a numerical semigroup in the sense of Herzog-Kunz [4] and Watanabe [25] that is naturally associated to I. We denote this semigroup by S(I). It is an invariant of the projective equivalence class of I in the sense that if J is projectively equivalent to I, then S(J) = S(I). Thus S(I) is an invariant of P(I). We are interested in considering properties of this semigroup.
In [6, Section 2], Itoh gave the following construction, that will be used below to gain some information concerning W and U. Proposition 4.4 Let I be a regular ideal in a Noetherian ring R, let n ∈ IN + , let R =
Proof. T is a graded subring of R[u 1/n , t 1/n ]. Also, if x ∈ R and k ∈ IN + , then x ∈ I [k/n] = u k/n T ∩ R if and only if xt k/n ∈ T if and only if x n t k ∈ R ∩ R[u, t] (for T is an integral extension of R, so x n t k is integral over R and is in R[u, t]). And and g has homogeneous prime spectrum isomorphic to the homogeneous prime spectrum of R; however, if I is not projectively full (see Definition 4.9), then the homogeneous prime spectra of the Rees rings of f * and f are not isomorphic.
We next note some things concerning U (see (4.1.3)) and n * and d (with n * and d as in (4.2)(d)) (recall that U, n * , and d depend on I). For this, let U = {α 1 , α 2 , . . . } (with
, and assume that α i = 1 (that is, assume that I α i is the ideal in P that is the integral closure of I). Then in what follows U, n * , d, and P will be denoted U(I), n * (I), d(I), and Proposition 4.8 Let I be a regular ideal in a Noetherian ring R and let J ∈ P(I). Then:
(4.8.6) If H, J ∈ P(I) and if J H, then n * (H) ≥ n * (J). Also, n * (I α j ) = 1 for all α j ≥ n * (I).
Proof. For (4.8.1), by definition P(I) (resp., P(J)) is the set of integrally closed ideals in R that are projectively equivalent to I (resp., J). Since projective equivalence is an equivalence relation, and since I and J are projectively equivalent, it follows that P(I) = P(J).
For ( Therefore, it follows that in the chain ( 
For (4.8.6), let δ < γ in U(I) and let H = I δ and J = I γ in P(I). Then H J, δ = . Since
, and this holds for all m ∈ IN. Therefore define n to be n * (H) − w, where w is defined by wd(J) = zn * (H) − r with r ∈ IN such that 0 ≤ r < d(J) (note that n = n * (H) − w ≤ n * (H)). Then it follows (from the preceding computation) that if m ≥ r (say m = r + k with k ∈ IN), then
Therefore, to show that n is the desired n * (J), it remains to show that:
However, (i) follows immediately from (*). And for (ii), σ can be written in the form g d(J) for some g ∈ IN + , so since σ ≥ n it follows that g = d(J)n + k for some k ∈ IN, hence σ = β r+k δ γ (by (*)). Therefore n * (J) may be taken to be n , and then n * (J) ≤ n * (H).
For the final statement assume that δ ≥ n * (I) ∈ U(I) and let β ≥ 1 in U(I δ ). Then δ Definition 4.9 A regular ideal I in a Noetherian ring R is said to be projectively full in case the only integrally closed ideals that are projectively equivalent to I are the ideals (I k ) a with k ∈ IN + . If there exists J ∈ P(I) such that J is projectively full, then we say that P(I) is projectively full. Such an ideal J, if it exists, must be the largest element of
Remark 4.10 Concerning (4.9), note that it follows from (4.2)(d) that if the greatest common divisor of the integers e 1 , . . . , e g of (2.2) is 1, then I is projectively full. In particular, if P is a prime ideal in R such that R P is a regular local ring, then P is projectively full (since the integer e of (2.2) is 1 for the order valuation of R P ). (4.11.1) There exists K ∈ P(I) that is projectively full. Proof. Assume that (4.11.1) holds, let β ∈ U(K), and let J = K β . Then J is an integrally closed ideal that is projectively equivalent to K, so there exists k ∈ IN + such that
Therefore U(K) ⊆ IN + , and the opposite inclusion is clear (since
Assume that (4.11.2) holds. Now for all k ∈ IN + it holds that n * (K) +
Assume that (4.11.3) holds. Then (
(by hypothesis) = K, by (4.2)(a), and K ∈ P(I), by hypothesis. Therefore I 1/d(I) ∈ P(I), so (4.11.3) ⇒ (4.11.4). 1 · · · J en n be the factorization of I a as a product of distinct simple complete ideals. Let d be the greatest common divisor of e 1 , . . . , e n and let f i = e i /d for i = 1, . . . , n.
n is projectively full and K d = I a , so P(I) = P(K). Therefore P(I) is projectively full for every nonzero proper ideal of a two-dimensional regular local domain.
In general, if R is a two-dimensional normal local domain with maximal ideal M and I is an M -primary ideal, the set P(I) need not contain a projectively full ideal as we illustrate in Example 4.14. In this example, the ideal I has only one Rees valuation and the numerical semigroup S(I) associated to I is (2, 3)IN. has a unique Rees valuation ring V . Therefore xV = y 2 V , I a = xV ∩ R, and the image of x/y 2 in the residue field of V is transcendental over k. The equality (z/y 3 ) 2 = (x/y 2 ) 3 + y implies that z/y 3 is integral over R[x/y 2 ]. It also implies that zV = y 3 V and that the image of z/y 3 in the residue field of V is transcendental over k. Let J = y 3 V ∩ R. Then (z, y 3 , xy, x 2 )R ⊆ J. To show I and J are projectively equivalent it suffices to show that I 3 and J 2 have the same integral closure. Since I = (x, y 2 )R and V is the unique Rees valuation of I, the integral closure of I 3 is I 3 V ∩ R and is the integral closure of (x 3 , y 6 )R.
We have J 2 V = I 3 V . Therefore (J 2 ) a ⊆ (I 3 ) a . To show the reverse inclusion, it suffices to observe that x 3 and y 6 are in J 2 . Since y 3 ∈ J, it is clear that y 6 ∈ J 2 . Also we have x 3 = z 2 − y 7 and z 2 and y 7 are in J 2 , so x 3 ∈ J 2 . Therefore I and J are projectively equivalent. Notice that I a = (y 2 , x, z)R M and there are no ideals properly between I a and M . To complete the proof that P(I) is not projectively full, it suffices to observe that An interesting question we have not been successful in answering is whether for a regular ideal I in a Noetherian ring R there always exists a finite integral extension ring T of R such that P(IT ) contains a projectively full ideal. If R is a one-dimensional Noetherian domain, then the integral closure R of R is a Dedekind domain and it is easily seen that P(IR ) contains a projectively full ideal. To illustrate that this is not true in general, let s, t be algebraically independent elements over the field k and let R = k[s, t]. Consider the ideal I = (s 2 , t 3 )R. We observe that there exists a unique V ∈ Rees I. Indeed, for V ∈ Rees I we have s 2 V = t 3 V and the image of s 2 /t 3 in the residue field of V is transcendental over k. Therefore z = s/t is in the maximal ideal of V . We have s = tz and R[z] = k[t, z]. Moreover, I a = (s 2 , st 2 , t 3 )R and V ∈ Rees I is centered on a height-one prime ideal of R[s 2 /t 3 , st 2 /t 3 = s/t] that lies over the maximal ideal (s, t)R of R. Since s 2 /t 3 = z 2 t 2 /t 3 = z 2 /t, we see that V is a localization of k 
Remark 4.16
Let H, I, K and J be ideals of a Noetherian domain R. In analogy to a result that holds for reductions of ideals, it is natural to ask whether H is projectively equivalent to I and K is projectively equivalent to J implies that H + K is projectively equivalent to I + J. To illustrate that this is not true in general, let s, t be algebraically independent elements over the field k and let R = k[s, t]. Let H = (s, t 2 )R and I = (s 2 , t 4 )R. Also let K = J = (s 2 , t)R. Then H and I are projectively equivalent as are also K and J, but H + K = (s, t)R is not projectively equivalent to I + J = (s 2 , t)R.
